Number Systems, Evolution of

8.  Formalism and the Decline of Number

The formalistic approach, which in the nineteenth
century led to the flourishing number systems and
ascribed to them a key role in the foundation of
mathematics, reduced their importance in the course
of the structuralist rebuilding of mathematics in the
twentieth century. In fact, the recombination of
structures and operations of mathematical objects in
order to create new ones with new properties made it
more and more difficult to distinguish number systems
from other systems of mathematical objects. The
designation of an object as a number was increasingly
seen as merely an historical convention. Number
systems were downgraded to instances of structures
abstracted from them, in particular, of algebraic
structures resembling addition and multiplication and
topological structures determining distance and con-
tinuity. Not numbers, but ‘sets’ equipped with such
structures, which were designated artificially as
‘groups,” ‘fields,” ‘rings,” ‘lattices,” ‘compact spaces,’
etc., became the building blocks of modern math-
ematics.

See also: Brain, Evolution of; Civilization, Concept
and History of; Cultural Evolution: Overview; Culture
in Development; Evolution of Cognition: An Adapta-
tionist Perspective; Human Cognition, Evolution of;
Indigenous Knowledge: Science and Technology
Studies; Knowledge, Anthropology of; Mathematical
and Logical Abilities, Neural Basis of; Mathematical
Education
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P. Damerow

Numeral Systems

A numeral system is a part of a natural language,
primarily devoted to the expression of positive whole
numbers. A number is a mathematical abstraction; a
numeral is a word or phrase expressing a number. The
international scientific (‘Arabic’) notation provides a
universally known, unambiguous means of represent-
ing numbers, which gives the study of numeral systems
a clear advantage over other areas of language, in
which the representation of meaning is problematic.
The basic semantic operations relevant to the in-
terpretation of complex numerals (such as five thou-
sand six hundred and seventy eight) are addition and
multiplication. Widespread understanding of these
operations also gives the study of numeral systems an
especially clear compositional semantics.

The spoken and written-out forms of numerals
differ in various ways from the Arabic notation. There
may be a difference in base number; thus French
expresses 80 as quatre-vingts, literally 4 20s. There may
also be a difference in the order of constituent
elements; thus German expresses 64 as vierundsechzig,
literally 44 60. The scientific notation is compact,
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having no explicit representation of addition and
multiplication, and relying on the place-value con-
vention to indicate powers of the base 10. But natural
language numeral systems are not as compact, having
explicit representations of the addition operation (e.g.,
and in two hundred and sixty), and explicitly naming
the powers of the base number (e.g., in English with
the suffix -ty and words such as hundred and million).
As such vernacular forms precede the scientific no-
tation (both in the history of a language and in the
order of acquisition by individuals), it is the spoken
and written-out forms of numerals, and their mapping
onto numbers, that concern us here.
Some languages have no numerals:

The one obvious gap in Australian vocabularies is the lack of
any system of numbers. It is usually said that there are only
numbers ‘one,” ‘two,” ‘several’ and ‘many’; some languages
appear also to have ‘three,” although this is frequently a
compound form. Kenneth Hale has suggested that these
forms are not numerals in the strict sense, but are rather
indefinite determiners, like English a and some (Dixon 1980,
pp- 107-8).

In languages with a numeral system, forms for
expressing positive whole numbers are in frequent use
in everyday life, whereas forms for expressing more
technical concepts, such as negative numbers and
fractions, either do not exist or are restricted to
technical discourse. Subsidiary systems, such as
systems for naming dates, clock times, amounts of
money, weights and measures, or telephone numbers,
are derivative of the basic numeral system of a
language, and are of less interest to the linguist, often
being of recent invention, in some sense artificial, and
following idiosyncratic rules characteristic only of
themselves.

Numeral systems, though well integrated into their
host languages, are nevertheless somewhat atypical of
language subsystems as a whole. Numerals are the
only expressions for which a conventional sequence
exists. Thus there is an agreed answer to the question,
‘What comes after sixteen?” But there is no such
agreed sequence, in any language, for, say, the adjec-
tives and adjectival phrases of the language. Obviously
this sequencing is due to the especially clear semantic
domain of numerals, the sequence of natural numbers.
Numeral systems, beyond the most rudimentary, are
also atypical in that they are usually explicitly taught.
Children are drilled in reciting a conventional sequence
of numerals, whereas almost every other part of the
core grammar of a language is acquired without
explicit teaching or drilling. This might be grounds for
arguing that numerals themselves are to some extent
artificial and not part of the core grammar of any
natural language. But if we take the notion of what
belongs to a language broadly, there can be no doubt
that a language’s numeral system is a proper part of it;
a section on the numeral system of a language is
incorporated into any decent reference grammar.

1. Numerals and Grammatical Number

Grammarians use the term ‘(grammatical) number’
for the singular/plural distinction marked on nouns in
most languages, and supplemented in some languages
by categories such as dual, and even trial. Gram-
matical number tends to be indicated in the mor-
phology of nouns (e.g., by an affix), whereas numerals
are distinct words or phrases. Grammatical number
has a loose relationship with numeral expressions in a
language. One might expect that in any language the
numeral expressing 1 would accompany a singular
noun, the numeral expressing 2 would accompany a
plural noun (or a dual noun if the language has duals),
and any other numeral would be accompanied by a
plural noun. But such a neat pattern is not universal.
In Hungarian, for example, a noun following any
numeral, for whatever number, is grammatically
singular; the plural form of a noun is used only in the
absence of any preceding numeral expression. In
(Egyptian) Arabic, the situation is more complex, with
a singular noun accompanying the form for 1, a dual
noun going with the form for 2, a plural noun with
forms for the numbers 3-10, and a singular noun with
forms for 11 upwards. Examples are given below.

ENGLISH HUNGARIAN ARABIC

‘minute’ perc dagiiqa

‘minutes’ percek dagaayiq

‘one minute’ egy perc dagiiga wahda
‘two minutes’  két perc (itneen) daqiiqteen
‘three minutes’ hdrom perc talat dagaayiq

‘ten minutes’ tiz perc Sashar daqaayiq

‘eleven minutes’ tizenegy perc hidaashar dagiiqa

2. Simple Lexical Numerals

Cardinal numeral words are shaped and distributed
like adjectives or nouns. Across languages, the lower-
valued numeral words (typically up to about the range
2-4) tend to behave clearly like adjectives, and the
higher-valued numeral words (especially those used as
multiplicative bases, such as hundred and million)
behave like nouns. Indeed, there is an example in the
table above, in which the Arabic numeral for 1,
waahid, follows its noun, as adjectives do in Arabic,
while the other numeral words (for 2, 3, 10, 11, 20)
precede their noun, unlike adjectives. (See Corbett
(1978a, 1978b) for details.)

In several other respects, the lower-valued numerals,
up to about 2-4, behave differently from other numeral
words. In some languages, there are different gender
forms for just the first few numerals. Thus in Welsh
there are masculine/feminine pairs dau/dwy (= 2),
tri/tair (= 3), and pedwar/pedair (= 4), but only one
form for other numerals. In some case-marking
languages, numerals for values up to about 2—4 impose
a special case (e.g., Genitive, as in Russian) on a
following noun (See Hurford (2000) for examples).
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Ordinal numerals (e.g., first, second, third,...
twentieth,...), where they exist, are adjectives derived
from cardinal numerals. The lower-valued ordinals
(again typically up to about the range 2-4) tend to be
formed suppletively, without any obvious morpho-
logical connection to the corresponding cardinal
numeral. Thus first is not formed from one, whereas
fourth is formed by suffixing -t to four (see Hurford
(in press) for tables of such examples from a range of
languages).

3. From Lexicon to Syntax

In some languages, the simple lexical numerals stop at
2, and higher values are expressed by syntactic
combinations. An example is given here from a
Queensland, Australia language cited in Tylor (1891,
p. 243)

(a) ganar

(b) burla

(¢) burla-ganar

(d) burla-burla

Other languages make the break into syntax after 3, 4,
and 5, and most languages have simple numeral words
for values up to 10, and then resort to syntactic
combinations. After 10, almost without exception in
any language, the only values for which there are
morphologically simple words are those used as
multiplicative bases, such as 20, 100, 1,000, and so on.
(English eleven is an exception, but it is historically
derived from a more complex form; Russian sorok
(=40) is a genuine exception. Another source of
possible exceptions is the bodypart numeration prac-
tices found in some parts of Papua New Guinea. In
such practices, parts of the body are touched in
sequence as a way of recording or communicating
numbers, typically starting with the left little finger,
moving through the left digits, up the wrist, forearm,
elbow, upper arm, shoulder, neck, head, and down to
the right little finger. Thus, bodypart words can be said
to have secondary numeral meanings (see Saxe (1981)
for details).

4. Basic Syntax of Numerals

(The material in this section is set out in much greater
detailin Hurford (1975).) With remarkable uniformity,
the basic form of most syntactically complex numerals
in most languages can be generated from a universal
schema of just two simple phrase structure rules

DIGIT
NUMPHRASE (NUM) e
NUMPHRASE - NUM M

NUM — {

Here, ‘NUM’ represents the category Numeral itself,
the set of possible numeral expressions in a language;
‘DIGIT’ represents any single numeral word up to the
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value of the base number (e.g., English one, two,...,
nine); and ‘M’ represents a category of mainly noun-
like numeral forms used as multiplicational bases (e.g.,
English -y, thousand, and billion). The curly brackets
in the rules enclose alternatives; thus a numeral may
be either a DIGIT (e.g. eight) or a so-called
NUMPHRASE (numeral phrase) followed optionally
by another numeral (e.g., eight hundred or eight
hundred and eight). If a numeral has two immediate
constituents (i.e., is not just a single word) the value of
the whole is calculated by adding the values of the
constituents; thus sixzy four means 60 + 4. If a numeral
phrase (as distinct from a numeral) has two immediate
constituents the value of the whole is calculated by
multiplying the values of the constituents; thus two
hundred means 2 x 100.

4.1 Language-specific Idiosyncrasies

Two sorts of reservation must be made about the claim
for the universality of the two basic phrase structure
rules presented above. One sort of reservation is a set
of language-specific modifications, made on a case-by-
case basis for each separate language, essentially
dealing with the ways in which the particular lan-
guage’s irregularities deviate from the universal pat-
tern embodied in the two rules. These idiosyncrasies
typically affect the lower-valued expressions (up to
about 20, but sometimes higher) only. For instance,
the rules, if given an English lexicon, besides gen-
erating the regular numeral phrases sixty, seventy,
ninety, would also generate *fwoty, which needs to be
changed to rwenty, and *omety, which needs to be
changed to ten. The rules above order a numeral
phrase before any accompanying numeral, which
could be a digit-word, thus generating, correctly for
English, for example, seventy two, but incorrectly for
German, for example, fiinfzig drei. Languages which
place summands in a lower-before-higher order re-
quire a rule (obligatory or optional, as the case may
be) reordering the constituents of a numeral. Lan-
guages also typically augment the universal rule
schema above with their own idiosyncratic rules
inserting particles (e.g., and, et, und) denoting addition
and, less often, multiplication.

It may be objected that the above forces the
numerals of all languages into a Procrustean bed,
distorting the true picture in individual languages.
Such an objection turns out, on detailed study of
individual languages, to be misplaced. Even in the
numeral system of just one language, there is usually
an indication of a regular underlying system, captured
by the rule schema above, to which most of the
numeral expressions in the language, including all of
the higher-valued ones, conform. Using a handful of
idiosyncratic statements to capture irregularities is in
fact more economical than postulating a nonuniversal
underlying scheme for any particular language.
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DIGIT

three thousand two hundred

NUMPHRASE NUM

NUM NUMPHRASE

DIGIT NUM M

DIGIT

*two hundred three thousand

NUM NUM
NUMPHRASE NUMPHRASE
NUM M NUM M

NUMPHRASE NUM%ASE

NUM M NUM M

DIGIT

*four million hundred

DIGIT

four hundred million

Figure 1
Structures of complex numerals

4.2 The Packing Strategy

The second necessary reservation to the universal rule
schema above involves a way of constraining the
massive overgeneration resulting from the recursive
use of the category NUM in the rules. Without further
constraint, these rules would generate (given an
English lexicon) such non-existent forms as the fol-
lowing: *sixty ten; *eighty hundred; *two hundred, two
hundred, two-hundred; *three million thousand hundred.

The universal rule schema generates hierarchically
structured strings, which can be represented in tree
diagrams such as in Fig. 1. These examples go in
semantically equivalent pairs, as can be determined
by adding the values of constituents of a NUM
and multiplying the values of constituents of a
NUMPHRASE. The first pair both mean 3,200, and
the second pair both mean 400,000,000. But only one
member of each pair, the left-hand structure, is well-
formed. With strikingly few exceptions across all
languages, ill-formed numeral structures generated by
the universal rule schema can be eliminated by a
universal principle known as the Packing Strategy,
stated informally below.

Packing Strategy: within any part of a numeral
structure, the sister of a NUM must have the highest
possible value.

Another way of stating this is: in a numeral
structure, if the sister of a NUM is not the highest
valued well-formed structure of its category (equal to
or lower in value than the value of the whole structure)
generated by the universal schema together with the
lexicon of the particular language, the whole structure
is ill-formed.

Thus, *two hundred three thousand above is charac-
terized as ill-formed because of the existence of a well-
formed NUMPHRASE three thousand which could be
the sister of the next-to-top NUM (3,000 < 3,200),
and which has a value greater than that of the actual
NUMPHRASE sister of the next-to-top NUM
(3,000 > 200). Similarly, *four million hundred above
is characterized as ill-formed because of the existence
of a well-formed M million which could be the sister of
the next-to-top NUM (1,000,000 < 400,000,000), and
which has a value greater than that of the actual M
sister of the next-to-top NUM (1,000,000 > 100).

The Packing Strategy works in coordination with
the lexicons and other rules of particular languages.
Beside the kinds of examples just given, it can be
applied to explain some language-specific idiosyn-
crasies, such as the fact that in French 70 is expressed
as soixante-dix (= 60+ 10), and not as 50+20, or
40+ 30, for example. The Packing Strategy can also be
used to explain the actual sets of Ms (base words)
found in numeral systems. In English, there are Ms
with values of 10, 10* (hundred), 10® (thousand), (10%)?
(million), (10%)? (billion), and (10%* (trillion). In
Chinese there are Ms with values of 10, 10%, 10%, 10%,
(102, and (10*)®. If one posits internal hierarchical
structure for these lexical items, with exponentiation
as the relevant arithmetical operator, the existence of
such smoothly regular sequences of Ms can be pre-
dicted by means of the Packing Strategy.

The Packing Strategy is an unusually powerful
generalization across languages. It is not without
exceptions. The Packing Strategy predicts incorrectly,
for instance, that English expressions such as twenty
three hundred would be ill-formed, with two thousand
three hundred being the only well-formed expression
for 2,300. It is also falsified as an exceptionless
generalization by the series of multiplicative bases
found in Indian languages, exemplified here from
Tamil: 10 paththu, 10® nuru, 10 ayiram, 10° laksham, 107
kodi (see Hurford (1975) for more fully argued details
of the universal phrase structure rule schema for
numerals and the Packing Strategy).

5. Linguistic Discontinuity

The mathematical number series, as defined by Peano,
is smoothly continuous from zero to infinity, admitting
of no discontinuities. The jump from 1 to 2 is of
exactly the same nature as the jump from 2,001 to
2,002. But the sequences of numerals in natural
languages show several discontinuities, and all at
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around the same points. These discontinuity points
are typically:

(a)around three, before which lexical numerals show
various irregularities, for example, suppletive ordinals,
agreement in gender, unusual case government, as
mentioned above; psychologically, three is about the
limit of subitization (instant number judgement
without counting);

(b) after 10, at which point the first syntactically
complex numerals typically appear, using addition;

(c) around 20, at the point when the first multi-
plicative expressions are used, which often coincides
with a switch in the way addition is expressed (e.g.,
English DIGIT + -teen switches to DIGIT-ty DIGIT);

(d) (less often) at a point associated with some

higher base number, such as 100 or 1,000, when
different detailed rules may begin to apply (e.g.,
German switches from lower-plus-higher to higher-
plus-lower order of summands)
Such linguistic discontinuity suggests a system grow-
ing by stages over time, with periods of stasis between
each stage. The discontinuities are historical growth
marks, like the rings in a tree trunk.

6. Some Idiosyncratic Systems

Linguistics is interested in discovering and explaining
both the universal pattern to which all languages are
cut and the range of variation within that pattern.
Some linguists concentrate more on the universals,
some more on variety and idiosyncrasy . The numeral
systems of many languages are strikingly similar, but
in this section a few examples will be given from
unusual systems.

Not many numeral systems use subtraction, but the
traditional Yoruba system uses it extensively. An
example is érin din ldadgota, glossed by Abraham
(1958) as ‘4 as-to-a-reduction off 60—10.” Aadoota is a
contraction of a longer expression meaning literally
‘10 from (20 3).” Clearly the structure of this expression
should reflect the bracketing [4[10[20 3]]]. In this
structure 20 and 3 are combined by multiplication,
yielding 60; after this 10 is subtracted from 60, giving
50; and finally 4 is subtracted from 50, giving 46. The
last two operations performed are both subtraction.
Note also that Yoruba here uses a highly unusual
order for elements in a multiplicational relationship,
in which the higher (base) number precedes the lower
number. Almost universally in languages, the order
low-before-high is preferred for numerals in a multi-
plicational relationship, as also for the combination
numeral-noun; the combination noun-before-numeral
is extremely rare.

The ancient Hawaiian system multiplied the usual
bases by 4 before applying them, as shown by the
numeral for 968 elua lau me eha kanahaku-
mamawalu, literally ‘two four-hundreds and four
forties and eight’ (Judd et al. 1945).
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A nonstandard mathematical operation, called
‘overcounting’ is used extensively in Mayan languages
and some others. An example is quoted in Hurford
(1975)

Thus the numeral 41, instead of being expressed by a word
meaning ‘twice twenty plus one,’ is huntuyoxkal, viz. the first
(huntu) of the third score; oxkal being three times twenty, or
sixty.

In a few languages, there are somewhat different
numeral systems, depending on what is being counted.
In Kusaiean, a Micronesian language, one system is
used for counting fish and things related to fishing;
another system is used for counting other things.

7. Psycholinguistic and Philosophical Aspects

There is not space here to explore some interesting
psychological and philosophical questions related to
number and numerals. These include: is human
knowledge of number handled by domain-specific
parts of the brain? Do children learn the meanings of
numerals from concrete examples, such as three bricks,
four teddy bears? To what extent are the universal
properties of numeral systems attributable to innate
dispositions in the minds of language acquirers, or are
they (complementarily) conventional historic-cultural
constructs? Logically, are numerals proper names or
predicates? In either case, what do they denote,
platonic entities or sets of collections of objects?
Discussion of these issues, and more, can be found in
Dehaene (1997) and Hurford (1987).

See also: Number Systems, Evolution of
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Nursing Homes

Nursing homes are institutions that provide an age-
friendly environment and care for elderly people
suffering from physical, psychological, or social defi-
cits. There are semidependent living arrangements for
those capable of self-care but with some chronic
limitations; these institutions offer meals, housekeep-
ing, and transportation services. In addition, there are
dependent living arrangements which are hospital-like
environments that provide 24-hour supervision, in-
termittent services, and nursing care for severely
impaired individuals. In the USA and other Western
countries at similar levels of economic development, 5
percent of the total population over age 65 are
institutionalized, and about 20 percent have to face
institutionalization at some point in life. The prob-
ability of institutionalization increases with age. At
age 85 and above, 25 percent of the population live in
long-term care institutions (Kendig and Pynoos 1996).
Demographic changes in the Western world will
increase the number of elderly individuals—especially
of very old persons—in societies. Some demographic
projections report that by the year 2050, 30 percent of
the elderly population will be aged 80 and above. In
addition, declining birthrates and increases in women
employment rates are likely to result in a decrease in
potential family caregivers. These demographic
developments suggest that nursing homes will remain
an important living arrangement, even though social
policy since the early 1990s has been focusing on
community-based living and support systems (see
Age, Sociology of).

1. Consequences of Institutionalization

The majority of people dread the idea of institu-
tionalization because private homes and apartments
within specific communities are strongly linked to
biographies. Individual living arrangements, i.e., per-
sonal furniture, belongings, decorations, etc., can be
regarded as an extension of the self and are not very
easily abandoned. The move to an institution is
sometimes considered as a first step towards death.
Risk factors for institutionalization are high age, being
female, widowhood, and childlessness. The main risk
factor is impairment of functional status due to
chronic, mental and/or physical diseases. Up to 50
percent of the inhabitants of nursing homes suffer
from dementia. Nevertheless, people of similar vul-
nerability also live in communities. Therefore, the

interaction between individual deficits and inadequate
social support seems to be of crucial importance for
the necessity of institutionalization.

Relocation is regarded as a critical life event, a
major stressor which can lead to behavioral, psycho-
logical, and physical deterioration (Horowitz and
Schulz 1983). Some studies, though, question this
relocation-stress hypothesis and report positive out-
comes of institutional living. These include better
family relations, improved morale and positive
alterations in lifestyles of the residents. However, there
are severe methodological problems in detecting the
effects of relocation. The effects of multimorbidity and
various impairments are difficult to separate from
effects due to institutionalization. Furthermore, it is
almost impossible to realize control group designs
(Kahana 1987). One important condition for positive
effects seems to be that relocation is the result of the
elderly person’s own decision. If the selection of the
environment is under the control of the elderly
individual and if the institution provides compensa-
tory support suitable for this individual, positive
outcomes are most likely (M. M. Baltes et al. 1991).
Unfortunately, however, many elderly people are
relocated into institutions from acute hospitals or
other institutional settings, which means that they
have no control over the time of relocation or the
choice of institution.

Personal coping strategies are an important
mediator in dealing with the stress of relocation, ad-
aptation to new living conditions, and maintenance of
a sense of control. Since Goffman’s (1961) classical
study about the humiliation and deprivation of choice
in ‘total institutions’, nursing homes are widely re-
garded as one example of violation of the basic needs
for personal control. The negative impact of loss of
control for elderly people has been proven in many
studies (Heckhausen and Schulz 1995). It is important
to note, however, that institutionalization does not
necessarily lead to a total loss of control, rather to a
change of certain aspects of control or differential
means of expression of control. Contrary to common
belief, not only active but also passive behavior can
serve as having control. A resident exhibiting de-
pendent behavior, for example, might execute control
in order to secure social contact with staff members
(M. M. Baltes 1996).

2. Ecological Aspects

Nursing homes are complex systems in which different
ecological aspects interact and influence the residents’
well-being and behavior. Nursing home residents who
suffer from physical and cognitive restrictions are
particularly vulnerable with regard to these physical
and social environmental conditions. Although physi-
cal and social aspects are not independent from one
another, they are described here separately for reasons
of clarity.
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